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We determined the effects of the first nonlinear corrections to the gluon distribution using the
solution of the QCD nonlinear Dokshitzer-Gribov-Lipatov-Altarelli-parisi (NLDGLAP) evolution
equation at small x. By using a Laplace-transform technique, the behavior of the gluon distri-
bution is obtained by solving the Gribov, Levin, Ryskin, Mueller and Qiu (GLR-MQ) evolution
equation with the nonlinear shadowing term incorporated. We show that the strong rise that is
corresponding to the linear QCD evolution equations at small-x can be tamed by screening effects.
Consequently, the nonlinear effects for the gluon distributions are calculated and compared with
the results for the integrated gluon density from the Balitsky- Kovchegov(BK) equation. The
resulting analytic expression allow us to predict the shadowing correction to the logarithmic deriva-
tive F2(x,Q
2) with respect to lnQ2 and to compare the results with H1 data and a QCD analysis fit.
1.Introduction
Perturbative QCD (PQCD) predicts a strong rise
of the gluon density xg(x,Q2) at a small value of the
Bjorken variable x(<<1), where ,as usual, x denotes the
momentum fraction carried by the gluon and Q2 is the
scale at which the distribution is probed. This fact that
gluon density increase as x decreases follows directly
from linear evolution equations [1-5]. This strong rise
can eventually violate unitarity and so it has to be
tamed by screening effects. This behavior necessitates
a chance in the evolution equation in the region of
small-x. At small-x, the problem is more complicated
since recombination processes between gluons in a dense
system have to be taken into account, and so it has to
be tamed by screening effects. These screening effects
are provided by multiple gluon interaction which leads
to the nonlinear terms [6-7] in the Dokshitzer- Gribov-
Lipatov- Altarelli- Parisi (DGLAP) evolution equations
[1-3]. These nonlinear terms reduce the growth of the
gluon distribution in this kinematic region where αs is
still small but the density of partons becomes so large.
Gribov, Levin, Ryskin, Mueller and Qiu (GLR-MQ)[6,8]
performed a detailed study of this region. They argued
that the physical processes of interaction and recom-
bination of partons become important in the parton
cascade at a large value of the parton density, and that
these shadowing corrections could be expressed in a
new evolution equation. This is the so-called GLR-MQ
equation.
The main characteristic of this equation is that it
predicts a saturation of the gluon distribution at very
small-x [8]. This equation was based on two processes in
a parton cascade:
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i)The emission induced by the QCD vertex G→G + G
with the probability which is proportional to αsρ where
ρ(= xg(x,Q
2)
piR2
) is the density of gluon in the transverse
plane, piR2 is the target area, and R is the size of the
target which the gluons populate;
ii)The annihilation of a gluon by the same vertex
G + G→G with probability which is proportional to
α2sρ
2
Q2
, where αs is the probability of the processes.
When x is not too small, only the emission of new
partons is essential because ρ is small and this emission
is described by the DGLAP evolution equations. Since
gluon recombination introduces a negative correction to
the DGLAP evolution equations, the signal of its pres-
ence is a decrease of the scaling violations as compared
to the expectations obtained from the DGLAP equations.
However as x→ 0 the value of ρ becomes so large that the
annihilation of partons becomes important. This picture
allows us to write the GLR-MQ equation for the gluon
distribution function behavior at small-x [10-11]. The
shadowing corrections arise from fusion of two gluon lad-
ders, and they modify the evolution equations of gluons
as
∂xg(x,Q2)
∂lnQ2
=
∂xg(x,Q2)
∂lnQ2
|DGLAP
− α
2
sγ
R2Q2
∫ 1
χ
dy
y
[yg(y,Q2)]2, (1)
where the first term is the standard DGLAP result[1-3],
linear in the parton distribution functions (PDFs) and
the second term is the 2-gluon density. Thus the equa-
tion (1) becomes nonlinear in xg. In this equation, γ is
equal to 8116 for Nc = 3. Here the representation for the
gluon distributionG(x) = xg(x) is used, where g(x) is the
gluon density and χ = x
x0
, where x0(= 0.01) is the bound-
ary condition that the gluon distribution joints smoothly
onto the unshadowed region. We neglect the quark-gluon
emission diagrams due to their little importance in the
2gluon rich small-x region and we work under an approx-
imation of neglecting contribution from the high twist
gluon distribution GHT (x,Q
2) [6].
In the present paper, we extend the method using a
Laplace-transform technique as proposed at Refs.[12-14].
Here we derive solution for the gluon distribution func-
tion in terms of the initial condition using the Laplace
transform method, then extended this method for obtain
an analytical solution of the GLR-MQ equation as the
shadowing corrections to the gluon distribution functions
can be determine in terms of the initial gluon distribu-
tion at Q20.
We perform the check of our calculations by comparing
the determined gluon density function with the solution
of the more precise and more complicated BK equation
[15-17]. Here the BK equation was derived for the deep
inelastic scattering of the virtual photon on a large nu-
cleus by the resummation of multiple Pomeron exchanges
in the leading logarithmic approximation and in the large
Nc limit. It is an equation for the imaginary part of the
forward scattering amplitude of the qq dipole on the nu-
cleus. In the infinite momentum frame, the BK equation
resumes fan diagrams with the BFKL [18-20] ladders,
corresponding to the Pomeron, splitting into two lad-
ders. This type of summation was originally proposed
by GLR in the double logarithmic approximation (DLA)
(αs << 1 and αsln(
1
x
)ln(Q
2
Λ2 )∼1). The non-linear evolu-
tion equation for the amplitude reduce to the GLR equa-
tion for the integrated gluon distribution. The model
based on nonlinear DGLAP (NLDGLAP) shows a corre-
spondence with the BK equation solution that calculates
the values of the integrated gluon density [21-27] at the
initial point.
To determine the appropriate behavior we need to spec-
ify the shadowing corrections to the gluon distribution
at the initial point. The unshadowed distribution to the
gluon (gu) at Q20 has to modifying for x < x0 as
xg(x,Q20) = xg
u(x,Q20)[1 + θ(x0 − x)[xgu(x,Q20)
−xgu(x0, Q20)]/xgsat(x,Q20)]−1, (2)
where xgsat(x,Q
2) = 16R
2Q2
27piαs(Q2)
is the value of the gluon
which would saturate the unitarity limit in the leading
shadowing approximation. The value of R is depends
on how the gluon ladders couple to the proton, or on
how the gluons are distributed within the proton. R will
be of the order of the proton radius (R ≃ 5 GeV −1) if
the gluons are spread throughout the entire nucleon, or
much smaller (R ≃ 2 GeV −1) if gluons are concentrated
in hot- spot [28] within the proton. Equation (2)
satisfies the requirements expected for the shadowing
corrections to the gluon distribution function in Q20. It
reduces to the unshadowed form xgu when shadowing is
negligible; that is, when xgsat→∞. In this region, the
interaction of gluons is negligible and we may continue
to use evolution equations linear in g(x,Q2). However,
at sufficiently small-x, two gluons in different cascades
may interact, generally fusion the gluon ladders together
and so decrease the gluon density. Therefore shadowing
contributions can no longer be neglected.
This paper is organized as follows. In Sect.2, we
derive the LO master formula to extract the gluon dis-
tribution at small-x from the initial condition. Section
3 is devoted to the analytical solution of the master
equation for the gluon distribution functions using a
Laplace-transform technique. In section 4 we consider
the nonlinear corrections to the gluon distribution
function with respect to the GLR-MQ equation using
a Laplace method. In the last section, we calculate
numerically the gluon distribution functions from the
standard DGLAP and NLDGLAP evolution equation
with respect to the GLR-MQ corrections, respectively.
Our conclusion is given in Sect.6.
2. LO master formula
The LO DGLAP equation for the evolution of the
gluon distribution function at small-x can be written as
∂G(x,Q2)
∂lnQ2
|DGLAP =
αs
4pi
{G(x,Q2)(1
3
(33− 2nf) + 12ln(1− x))
+12x[
∫ 1
x
G(z,Q2)(
z
x
− 2 + x
z
− (x
z
)2)
dz
z2
+
∫ 1
x
(G(z,Q2)−G(x,Q2)) z
z − x
dz
z2
]}, (3)
where nf being the number of active quark flavors (and
G(x,Q2) = xg(x,Q2)). In Eq.(3), the LO g→g splitting
functions after the convolution integral which contains
plus prescription, ()+, are given by
K1(x) =
1
x
− 2 + x− x2, (4)
and
K2(x) =
1
1− x. (5)
Note that Eq.(3) continue to hold at next-to-leading
order with modified gluon splitting function. To extract
the shadowing gluon distribution function, we first
should be able to derive the DGLAP equation for the
gluon distribution function using a Laplace-transform
technique. This issue is the subject of the next section.
33. Solution of the DGLAP equation for G(x,Q2)
To solve the standard DGLAP evolution equation for
the gluon distribution function at small-x, we follow the
procedure that was used by BDM [13] and employ the
Laplace-transform method to solve this equation. Now
we use the coordinate transformation
υ ≡ ln(1/x). (6)
Then the functions Gˆ, Kˆ, and Gˆ in υ-space are define by
Gˆ(υ,Q2) ≡ Gˆ(e−υ, Q2) (7)
Kˆ(υ) ≡ Kˆ(e−υ) (8)
Gˆ(υ,Q2) ≡ αs
4pi
∂Gˆ(e−υ, Q2)
∂lnQ2
. (9)
Explicitly from Eqs.(3-5), we have
kˆ(υ) = β0 + 12 ln(1− e−υ), (10)
Kˆ1(υ) = e
υ − 2 + e−υ − e−2υ (11)
and
Kˆ2(υ) =
1
1− e−υ . (12)
In this representation, Eq.(3) reduces to this form
Gˆ(υ,Q2) = Gˆ(υ,Q2)kˆ(υ)
+12[
∫ υ
0
Gˆ(ω,Q2)e−(υ−ω)Kˆ1(υ − ω)
+
∫ υ
0
(Gˆ(ω,Q2)− Gˆ(υ,Q2))e−(υ−ω)Kˆ2(υ − ω)], (13)
or
Gˆ(υ,Q2) = Gˆ(υ,Q2)kˆ(υ) + 12[
∫ υ
0
Gˆ(ω,Q2)Hˆ1(υ − ω)
+
∫ υ
0
(Gˆ(ω,Q2)− Gˆ(υ,Q2))Hˆ2(υ − ω)]
(14)
where
Hˆ1(υ) ≡ e−υKˆ1(υ) = 1− 2e−υ + e−2υ − e−3υ (15)
and
Hˆ2(υ) ≡ e−υKˆ2(υ) = e
−υ
1− e−υ . (16)
We introduce the notation that the Laplace transforma-
tion of a function Hˆ(υ) is given by h(s), where
h(s) ≡ L[Hˆ(υ); s] =
∫
∞
0
Hˆ(υ)e−sυdυ. (17)
Then Eq.(14) reduced to the form
G(s,Q2) = L[Gˆ(υ,Q2)kˆ(υ); s] + 12G(s,Q2)h1(s)
+12L[
∫ υ
0
(Gˆ(ω,Q2)− Gˆ(υ,Q2))Hˆ2(υ − ω); s], (18)
where we used the following property for Laplace trans-
formation
L[
∫ υ
0
Gˆ(ω,Q2)Hˆ(υ − ω); s] = G(s,Q2)h(s). (19)
Let us note that some sentences are very small at the
limit low Bjorken scaling values, therefore we can esti-
mate G(s,Q2) as follow
∂G(s,Q2)
∂lnQ2
≃αs
4pi
(β0 + 12h1(s))G(s,Q
2). (20)
Integrating both part of this equation, then Eq.(20) re-
duced to this form
G(s,Q2) = G(s,Q20) exp[(1 +
12
β0
h1(s))η(Q
2)] (21)
where η(Q2) =
∫ Q2
Q20
1
lnQ
2
Λ2
dlnQ2.
In order to find solution for G(x,Q2), using the inverse
Laplace transformation L−1[G(s,Q2); υ] = Gˆ(υ,Q2).
Then we find that
L−1[G(s,Q2); υ] = L−1[G(s,Q20)e[(1+
12
β0
h1(s))η(Q
2)]
; υ]
(22)
and finally
Gˆ(υ,Q2) = eη(Q
2)
∫ υ
0
Gˆ(ω,Q20)Jˆ(υ − ω)dω. (23)
where Jˆ(υ) is defined by
Jˆ(υ) ≡ L−1[eζh1(s); υ]. (24)
and ζ≡ 12η(Q2)
β0
.
Eq.(23) can be regarded as the equation in terms of s for
eζh1(s). In order to solve this equation we take the first
term of h1(s), i.e. Jˆ(υ) obtained in terms of the Dirac
delta and Bessel functions of the first kind, as
Jˆ(υ) = δ(υ) +
√
ζ√
υ
BesselI(1, 2
√
ζ
√
υ),
(25)
and for the other terms we have
L−1[exp( −2ζ
s+ 1
); υ] = e−υ(δ(υ)
+
√−2ζ√
υ
BesselI(1, 2
√
−2ζ√υ)), (26)
4L−1[exp( ζ
s+ 2
); υ] = e−2υ(δ(υ)
+
√
ζ√
υ
BesselI(1, 2
√
ζ
√
υ)), (27)
L−1[exp( −ζ
s+ 3
); υ] = e−3υ(δ(υ)
+
√−ζ√
υ
BesselI(1, 2
√
−ζ√υ)). (28)
Combining (25) with (23) and using the properties of
Dirac delta function, we therefore obtain an explicit so-
lution for the gluon distribution function in x space in
terms of the initial condition
G(x,Q2) = eη(Q
2)[G(x,Q20) +
∫ 1
x
G(z,Q20)×
√
ζ√
ln z
x
BesselI(1, 2
√
ζ
√
ln
z
x
)
dz
z
]. (29)
It should be noted that the size of Eqs.(26-28) are very
small at low-x values. Eq.(29) means that we can use
the Laplace transform method for the solution of the
DGLAP evolution equation at small-x values as the
gluon distribution is dominant at this region. This
result is completely general and gives the evolution
solution for the gluon distribution function once the
initial gluon distribution function is known. In the next
section we propose this method for determining of the
shadowing corrections to the gluon distribution function
with respect to the GLR-MQ equation.
4. Approximate solution of the GLR-MQ equation
The GLR-MQ equation slow down the Q2 evolution
of gluons from the standard DGLAP behavior. Theses
corrections arise from fusion of two gluon ladders, and
they modify the evolution equations of gluons as gluons
have a high density at small-x according to the equa-
tion (1). The main purpose of this paper is to find an
approximate solution for the non-linear DGLAP evolu-
tion equation in the saturation effects region. It is use-
ful to consider the GLR-MQ equation in a υ space. In
υ space, we have defined the Laplace transform of the∫
dy
y
[G(y,Q2)]2≡∫ dw[Ĝ(w,Q2)]2 = 1
s
L[(Ĝ(υ,Q2))2; s]
to be less than 1
s
[G(s,Q2)]2. Therefore in this limit, we
take the Laplace transform of (1), by follow
∂G(s,Q2)
∂lnQ2
≃ ∂G(s,Q
2)
∂lnQ2
|DGLAP
− 81α
2
s
16R2Q2
1
s
[G(s,Q2)]2, (30)
According to Eq.(20), we rewrite Eq.(30) in terms of the
gluon transformed in s-space
∂G(s,Q2)
∂lnQ2
= ψG(s,Q2)− ϕG2(s,Q2), (31)
where ψ = (1 + 12h1(s)
β0
) 1
lnQ
2
Λ2
and ϕ = 81pi
2
sβ20R
2Q2(ln Q
2
Λ2
)2
.
One may write the solution in fact directly in terms of
the initial condition, as
G(s,Q2) = G(s,Q20)e
∫
Q2
Q2
0
ψdlnQ2
(32)
×[1 +G(s,Q20)
∫ Q2
Q20
e
∫
ψdlnQ2ϕdlnQ2]−1.
Further, we can rewrite Eq.(32) by
G(s,Q2) = G(s,Q20)e
∫Q2
Q20
ψdlnQ2 −G2(s,Q20)e
∫Q2
Q20
ψdlnQ2
×
∫ Q2
Q20
e
∫
ψdlnQ2ϕdlnQ2 +O(2)−O(3) + ...
(33)
We will generally be able to calculate the inverse Laplace
transform of G(s,Q2) explicitly and transforming back
into x space. Finally the shadowing corrections to the
gluon distribution function G(x,Q2) obtained in terms
of the initial function G(x,Q20), assumed to be known,
by
G(x,Q2) = [Eq.29]−
∫ 1
χ
G2(z,Q20)Fe
Y
×BesselI(0, 2
√
U
√
ln
z
x
)
dz
z
+O(2)−O(3) + ... (34)
In the above equation, the Bessel functions obtained from
the property for inverse Laplace transformation
L−1[F
s
eY e
U
s ; υ] = FeYBesselI(0, 2
√
U
√
υ)), (35)
where the functions F,U and Y obtained from the below
equation after integration and some rearranging
FeY e
U
s ≡ e
∫
Q2
Q2
0
ψdlnQ2
∫ Q2
Q20
e(1+
12h1(s)
β0
)lnlnQ
2
Λ2 ϕdlnQ2.
(36)
This method can be used for order O(2) and other
orders, as they are very small at low-x. This solution in
the form of Eq.(34) has a very clear physical meaning.
We expect that gluon correlations in the parton cascade
at the region of the small-x tamed the behavior of the
gluon distribution function. Therefore we observed that
the terms add to Eq.(29) on r.h.s of Eq.(34) are due to
the saturation effects.
55.Numerical Estimates
In this paper, we found two analytical solutions for
the standard DGLAP and NLDGLAP evolution equa-
tions for the gluon distribution function inside the pro-
ton. These equations (Eqs.29 and 34) are directly related
to the initial conditions and they are independent of the
gluon behavior at small-x. We determined the unshadow-
ing and shadowing corrections to the gluon distribution
functions using a Laplace-transform method in Eqs.29
and 34, respectively. Despite the analytical calculations
that led us to the solutions in the forms of Eqs.(29) and
(34), we will solved these equations numerically. In these
calculations, we use the LO form of αs(Q
2) which is de-
fined by
αs(Q
2) ≡ 12pi
25 ln(Q
2
Λ2 )
, (37)
for four active flavors, where Λ is the QCD cut- off
parameter. The input gluon parameterization can be
taken from the BDM model [12] at the starting scale
Q20 = 5 GeV
2. In Fig.1, we show shadowing correc-
tions to the gluon distribution function determined from
Eq.(2) as a function of x at the initial scale Q20 based
on the size of the target which the gluons populate. We
observed that, as x decreases, the singularity behavior of
the gluon functions are tamed by shadowing effects. The
top curves (solid and dot) show the small-x behavior of
the gluon distribution when shadowing is neglected, and
the lower curves (dash) show the effect of the shadowing
contribution for R = 5 and 4 GeV −1. We compared our
results with BK [15-17](dash-dot) curve and GJR param-
eterization [29] (solid).
In Fig.2, we show the unshadowed corrections to the
gluon distribution function G(x,Q2) determined from
Eq.(29) as a function of x for two different values of
Q2, namely Q2 = 20 and Q2 = 50 GeV 2 with respect
to the Laplace-transform method. We compared our re-
sults with GJR parameterization [29] and BDM model
[12]. By using this method, we show that our results are
general and independent of the gluon behavior at small-
x. As can be seen, the values of the gluon distribution
increase as x decreases.
In Fig.3, we show the shadowing corrections to the
gluon distribution function determined from Eq.(34). To
evaluate the NLDGLAP equation, by using a Laplace-
transform method, we have generalized the BDM [12-
13] approach from linear to nonlinear case at small-x.
The results are shown for Q2 = 20 and Q2 = 50 GeV 2.
The top curve (squared) shows the small-x behavior of
the gluon distribution when shadowing is neglected, and
the lower curve (circled) shows the effects of the shad-
owing corrections at the extreme ”hot- spot” point [30]
with R = 2 GeV −1. Our results compared with the in-
tegrated gluon density function, which is denote as BK
curve. These results show that gluon density behavior
increase as x decreases, this corresponds with PQCD fits
at low-x, but this behavior is tamed with respect to non-
linear terms at the GLR-MQ equation. This figure com-
pares the results of two calculations, based on the linear
and nonlinear equations. The differences are not large,
however there is some suppression due to the nonlinear-
ity at smallest values of x≤10−4. It is clear that a new
evolution equation for the gluon density relevant for the
region of small-x. It show that screening effects are pro-
vided by multiple gluon interaction which leads to the
nonlinear terms in the DGLAP equation.
In order to compare our results with the experimental
data, we follow the role of shadowing correction to the
evolution of the singlet quark distribution with respect
to GLR-MQ equations. Indeed, the DGLAP evolution
equation of the Q2 logarithmic slope of F2 at low x, at
leading order, is directly proportional to the gluon struc-
ture function. But, according to these corrections (fusion
of two gluon ladders), the shadowing corrections to the
evolution of the structure function with respect to lnQ2
corresponds with a modified DGLAP evolution equation
[10-11,30-32]. At low x, the nonsinglet contribution is
negligible and can be ignord, so that
∂F2(x,Q
2)
∂lnQ2
=
∂F2(x,Q
2)
∂lnQ2
|DGLAP
− 5
18
27α2s
160R2Q2
[xg(x,Q2)]2, (38)
where the first term is the standard DGLAP evolution
equation.
To find an analytical solution for the shadowing correc-
tions to the derivative of F2 at low x, we intend to use
the gluon functions obtained in Eq.38. We show a plot
of ∂F2(x,Q
2)
∂lnQ2 in Fig.4 for a the values of Q
2 = 20GeV 2
and 50GeV 2 at the points R = 2GeV −1 and 4GeV −1,
compared to the values measured by the H1 collabora-
tion [33-34] and a QCD fit based on ZEUS data [35].
From this figure one can see the GLR-MQ equation is
tamed behavior with respect to gluon saturation as Q2
increases. Consequently, derivative of the shadowing
corrections to the structure function with respect to
lnQ2 at fixed x is close to H1 data and to the QCD
analysis fit. This shadowing correction suppresses the
rate of growth in comparison with the DGLAP approach.
6.Conclusions
In this paper, we studied the effects of adding the
nonlinear GLR-MQ corrections to the LO DGLAP evo-
lution equation, by using a Laplace-transform method
suggested by the BDM [12-14], in order to determine
the small-x behavior of the gluon distribution xg(x,Q2)
6of the proton. In this way we were able to study the
interplay of the singularity behavior, generated by
the linear term of the equation, with the taming of
this behavior by the nonlinear shadowing term. The
nonlinear effects to the gluon distribution are found
to play an increasingly important at x≤10−4. The
nonlinearities, however, vanish rapidly at large values
of x. We observed that, as x decreases, the singularity
behavior of the gluon function is tamed by shadowing
effects. Our results compared with the gluon distribution
obtained in a QCD analysis and with the BK equation.
The obtained results are comparable with the results
obtained by basing on the BK equation. Based on
our present calculations we conclude that the behavior
of ∂F2(x,Q
2)
∂lnQ2 as measured at HERA, tamed based on
gluon saturation at low x. The expansion of the results
from LO to NLO approximation can be done as a new
research job in future.
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FIG. 2: Unshadowed LO gluon distribution function at Q2 =
20 and 50 GeV 2 according to the gluon distribution input
[12] compared with results BDM model [12] and GJR [29]
parameterization at small-x.
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FIG. 3: Shadowing corrections to the gluon distribution func-
tion included with R = 2 GeV −1 at Q2 = 20 and 50 GeV 2
compared with results BDM model [12] and BK [15-17,24-27]
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FIG. 4: A plot of the derivative of the shadowing cor-
rections to the structure function with respect to lnQ2 for
Q2 = 20GeV 2 and 50GeV 2 at the points R = 2GeV −1
(Dot-line)and 4GeV −1 (Dash-line), compared to data from
H1 Collab.[33-34] (circles) with total error, and also a QCD
fit to ZEUS data [3](solid-line).
